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0 Overview and objectives
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Let:
@ R be a complete discrete valuation ring, uniformizing parameter =
@ K=FracR
@ k=R/mR, chark=p >0
@ H afinite, flat, abelian K-Hopf algebra, rank a power of p.
Objectives.

@ Obtain a classification of R-Hopf orders in K using Breuil-Kisin
modules

@ Relate, when possible, the Breuil-Kisin module classifications to
other classifications in special cases

© Decide whether finding such a classification is worth pursuing in
general.
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@ Breuil-Kisin modules
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The most general definition | know

Let:

W = W(k) ring of Witt vectors

R a complete regular local ring (i.e., dimx m/m? = dim R =: r)
S =Wl(uy,uo,...,u]], 6p=6/p"S, n > 1

o : & — & extend the Frobenius on W: o(u;) = u?

o:6,— &, similar

E = E(u) € & satisfy E(0) =pand R=G6/EGS

(for 9t an &-module) 6 ®, M = & Rg M with

$1 Qg SoM = $10(S2) ®y M; $1,S2 € S, m € M.

A Breuil-Kisin module relative to S — R is a triple (91, ¢, ¢) where:
@ Mt is an G-module which
e is finitely generated over &
o is killed by a power of p
o has projective dimension at most one
@ w:M— M7, ¢: M — M are &- module maps with

oY = Eand<,9.1,2> E.
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A Breuil-Kisin module relative to S — R is a triple (91, ¢, ¢) where:

@ M is an &-module which

o is finitely generated over &
@ is killed by a power of p
e has projective dimension at most one

@ ¢: M — M7, Y : M’ — M are G-module maps with

y ¢
o = Eand g = E.

Theorem (de Jong, case char R = p; Kisin, case char R = 0)

The category of Breuil-Kisin modules relative to S — R is equivalent to
the category of finite, flat, abelian R-Hopf algebras.

The proofs are in terms of Breuil modules and/or group schemes,
and not transparent.
We write 9t for (90, ¢, 1) when the maps are understood.
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A very special case

Let:
@ W = W(k) ring of Witt vectors, W,_1 = W/p"W
@ R = k a perfect field, r = dim k = 0 (recall: Krull dimension)
0 S=Wlu, ... .u]] =W, 5§, =6/p"6 = W,_1, n>1
@ 0: 6 — S is Frobenius on W
@ 0:6,— &y similar
@ E=E(u) e Gsatisfy E(0)=pand R=G/EG: E =p.
(for M an &-module) & ®, M = M.
A Breuil-Kisin module relative to & — k is a triple (9, ¢, v) where:

@ M is a finitely generated W=module killed by a power of p
@ F:IM — Mis o-semilinear, V : M — M is o~ '-semilinear with

FV = VF = p.

This should look familiar: classic Dieudonné modules.
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The most general definition we’ll use from now on

Return to the usual notation: R a complete dvr, etc. So dimR =1 and
° &= W[[u]], &n = W[[u]]/p"W[[u]], n =1
@ 0:6 — &givenby o(u) = uP
@ 0:6,— &, similar
@ E = E(u) € & satisfies E(0) =pand R=G/EG.
A Breuil-Kisin module relative to & — R is a triple (9, ¢, ¢) where:

@ 1 is an &-module which

o is finitely generated over &
o is killed by a power of p
@ has no u-torsion

@ ¢:M— M7, Y : M — M are G-module maps with
vy
oy = Eand g» = E.
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Specialization: primitively generated Hopf algebras

This should also look familiar.

Let R = K[[T]], and suppose H is an R-Hopf algebra generated by its
primitive elements.

Then ¢ = 0.

E(u) = p since W([ul]/pW/[[u]] = R,

Since pm = Em = ¢)(p(m)) = 0, m € 90, it follows that p?t = 0.
Thus, a Breuil-Kisin module is a pair (91, ¢) such that

@ Miis a finitely generated &1 = k[[u]] = R-module which has no
u-torsion (so free, finite rank over R)

@ M — M7 is alinear map (or ¢ : M — N is a semilinear map).

These are the Dieudonné modules (F = ) from my Exeter talk.
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Specialization: characteristic zero DVRs

Let R/W(k) be totally ramified, degree e, Eis. poly. Ey(u).
Let ¢o = p~'Eo(0) € W*. E(u) = ¢; ' Eo(u) = ¢; 'u® mod p&.
Let (9, ¢, ¢) be a Breuil-Kisin module. So ¢y = E, ¥ = E.
It can be shown that ¢ is injective, hence 1) = ¢~ 1E.

Thus, a Breuil-Kisin module is a pair ("1, ¢) where

@ 91 is an &-module which

o is finitely generated over &
e is killed by a power of p
e has no u-torsion

@ M — M is semilinear such that for all m € Mt there exist
sj € 6, x; € M such that

Em= zn: S,'(,D(X,').

i=0
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Rank p examples

PickO<i<e, bek*.

Let 1 = &4 = k[[u]]e, and define ¢ to be the semilinear map with
v(e) = bu'e.

Then _
Ee=c, 'u’e=c, b~ 'u®y(e),

and (901, ¢) is a Breuil-Kisin module.

This is a complete classification of rank p Breuil-Kisin modules, though
if b|b2*1 € kP=1, byb, # 0, then their modules are isomorphic.

(Morphisms: G-module maps, compatible with the ¢’s and ’s.)
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e Hopf orders
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Recall K = Frac R.
Let Hy, H> be R-Hopf algebras (abelian, flat) of the same p-power rank.

We say H; and H. are generically isomorphic if there exists an
R-algebra monomorphism H; — Hs which becomes an isomorphism
when extended to a K-algebra map KH; — KHo.

So, H; generically isomorphic to Ho = H;, H> are R-Hopf orders in the
same K-Hopf algebra.

Equivalently, if 2t; and M, are the Breuil-Kisin modules for H; and H»
and there exists a G-module map Mty — M, which becomes an
isomorphism when inverting u, then Hy, Ho are generically isomorphic.
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Example: characteristic 0

R is a totally ramified extension of W(k) of degree e.

Pick1 <i<e/(p—1). Let My = S1e, My = G4f. Let
p1(e) = u'P Ve, pp(f) =1

and define © : My — My by O(e) = u'f.

Then © is a (mono)morphism of Breuil-Kisin modules since

C)

e u'f u'f
<P1l l‘PZ
ullP-1)e uPif — yPif
o

Thus, the corresponding Hopf algebras are generically isomorphic.
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Example: characteristic p

SoR= k[[T]], E(U) = p. FOFj =1,2, let My = Gq1e, Mo = G4,
Note EOt = pt = 0.
Pick i > 1, let

pi1(e) =0, ¥(1 @, e) = uP e, gp(f) =0, Yo(1 @, f) =1,
and define © : My — M, by O(e) = u'f. Then,

10,6 29 1o, Uf —— uPi @, f

| [

utP-Ne — yilP-Nyif ——  yPif
o

and the corresponding Hopf algebras are generically isomorphic.
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e Hopf algebras killed by [p] in characteristic 0

Alan Koch (Agnes Scott College) 16/49



Killed by [p] is not really killed by [p]

Let H be an R-Hopf algebra with Breuil-Kisin module 9t.

Recall that [r] : H — H, r > 1 is defined recursively by

[r](h) = mult([r — 1] ® 1)A(h).

We say H is killed by p if [p] is the counitmap e : H — R.
(Alternatively, the group scheme Spec H is killed by p.)

Example. RC, = R(o) is killed by [p] since [p](c) = 0P =1 = ¢(0).
H is killed by [p] if and only if p?)t = 0.

So, H is killed by [p] iff Dt is a module over &4 = k[[u]], a PID.

Thus 9 is a free G1-module, and rankg H = p'@™s1 ™,
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Let M = @] S1e; = &L k[[u]le;.

Pick A = [a;;] € Ma(R), and let p4 : 9t — Mt be the semilinear map
n
gOA(e,') = Z a; i€;.
j=1
That is, pa(e;) = Ae; when e; is represented as a standard basis

vector.

Under what conditions is (91, ¢4) a Breuil-Kisin module?
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(pA(e,') = Ae;
We require {s;;} C k[[u]] such that

n
Ee = sjivale)),
=

that is,

n n n n
Colutei =" sjaer=Y > ayse

j=1 £=1 =1 j=1

Let S = [s;;]. Then we need ¢, 'u®l = AS.

Proposition

(9, pa) determines a Breuil-Kisin module structure if and only if
UeA~" € Mp(K[[u]]).

Note that A is necessarily invertible in My(k((u))).
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ueA-1 € My(k[[u]])

Suppose (M, p4) and (M, pg) are Breuil-Kisin module structures on
M = &L k[[ulle;.

Let © be a k[[u]]-linear endomorphism of M, and write

n
@(e,-) = Z 9/',,'9,'.
=

Let © € My(k[[u]]) also represent the matrix © = [6; ].

What are the conditions on © to make it a morphism of Breuil-Kisin
modules?
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Let A= [a,"j], B = [b,',j].

We have:
) n n
=1 /=1
| Js»
n n
Z i€ ——— Z ay,j jZej Z Hélb! &)
/=1 © 7] 1 J_

So we require
©A = BoP),

where O(P [9 ik
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Let A, B,© € GLy(k((u))) N Mu(k[[u]]), and suppose
Q@ uPATT € My(K[[u]])

Q u°B~" € My(k[[ul))

@ 0A=Bok).

Then the Hopf algebras corresponding to (931, 4), (91, ¢g) are orders
in the same K-Hopf algebra.

Note. If © € Ma(k[[u]]), i.e., det® € k[[u]]*, then (MM, pa) = (M, v5).
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Flashback

Exeter talk, 2015.

Overview for all n

@ Pick a K-Hopf algebra H, and find the B € M,(K) which is used in
the construction of its K-Dieudonné module.

@ Find A € Mn(R) such that ©A = BOP) for some © € GLn(K).
(One such example: A=B,0=1.)

@ Construct the R-Dieudonné module corresponding to A.

@ Construct the R-Hopf algebra Hj corresponding to this Dieudonné
module.

@ The algebra relations on H, are given by the matrix A.
@ Hy can be viewed as a Hopf order in H using ©.
@ Hp, = Hpy, if and only if ©~1@' is an invertible matrix in R, where

©A; = B and ©'A, = B(©')P).
Alternatively, Ha, = Ha, if and only if © = ©U for some U € M,(R)*.
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Primitively generated Hopf orders in characteristic p.
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An example: Hopf orders in KC,

Fact 1. The Breuil-Kisin module corresponding to RC, is
M = k[[u]le, ¢(e) = u’e.

Fact 2. Any Hopf order in KC, contains RC,, so we need to construct
1 x 1 “matrices” B such that

@ u®B" ¢ K[[u]]
@ There exists © € k[[u]], © # 0 such that u°© = ©PB.

So, we may pick 0 # © € k[[u]], and let B = u®@'~P. If
@ ueB~' = @P~1 ¢ Kk[[u]] (true)
o u°O'P € K[[u]].

then (k[[u]], ¢¥B) gives a Hopf order, different from RC,, iff © € uk|[[u]].
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B = u®0'P u*0'P c Kk[[u]]

WLOG, let © = u'.

Then
B — Uee1—p _ Ue+i(1—p) _ ue—(p—1)i,

which is in k[[u]] ifand only if 0 < i < e/(p—1).

The resulting Hopf algebra H; is the Larson order

o—1

H,-—R[ }g\«a)—ch.

Note. If, e.g., © = bu' for some b € k* then B = b'Pué—(P~1)/ and the
Hopf algebra is the same.

7-‘-1
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Another example: Hopf orders in KC,%

Fact 1. The Breuil-Kisin module corresponding to RCS is
M = k[[u]les @ k[[u]les, (€)= ue;, i=1,2,

so the matrix representing ¢ is u®l.

Fact 2. Any Hopf order in KC5 contains RC3, so we need to construct
matrices B such that

@ uB~" € My(K[[ul])
@ There exists © € GLu(k((u))) N Mn(k[[u]]) such that
outl = BeP).
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Fact 2. Any Hopf order in KC3 contains RC3, so we need to construct
matrices B such that

@ ueB~" € My(k[[u]])
@ There exists © € GL,(k((u))) N Mp(k[[u]]) such that u¢© = BO®).
Alternatively, pick © € GLy(k((u))) N My(k[[u]]) and define

B = ute(eP)~1
It then suffices to show

B = ufe(0P)~" e My(k[[u]])
ueB~!' = 0Po~" e My(k[[u]]).

Alan Koch (Agnes Scott College) 27/ 49



i
WLOG, let © — {Z 3] Lij>0, 6 k[[u]] . Then
B 1 ye—(p—1)i 0
B= “e@(@(p)) - Le—pig _ ye—pi—(p-jgp ye—(p—1)j
(p=1)i
1 . u 0
o7'el = [u—/gp up-Di-ig u(p—1)j] )

SO we need

i?j < e/(p - 1)
ue9= u®P=1gP mod uP k[[u]]
oP= uP~g mod k|[u]].

Note that setting ¢ = 0 gives Larson orders.
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Can we make the correspondence explicit?
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Can we make the correspondence explicit?

No.
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u 0 ye—(p=1)i 0
o — ] . B= [ue—P"e . .

0 U — yepi=(p-Nigp e—(p-1)

What is the Hopf order in H = K[(o1,02)]?

op(eq) = L,ef(p%)ie1 + (uefpig _ uefpif(pf1)/9p)e2

pp(e2) = Ut~ (P~ e,

Note that (91, p) is in a short exact sequence of Breuil-Kisin modules

0 = (&1, 9e—(p-1)i)1) — (M, vB8) = (61, (e—(p—1)iy1) = 0

and the Hopf order corresponding to 9t is in Ext' (R[Z1], R[%21]).
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© A comparison of theories
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Another example

Recall coE = u® mod pS.

Fact 1. The Breuil-Kisin module corresponding to (RC3)* is
M = k[[u]ler © k[[u]lez, ¢(e;) = coei, i=1,2,

so the matrix representing ¢ is cy/.

Fact 2. Any Hopf order in (KCf,)* is contained in (RCﬁ)*, so we need
to construct matrices A such that

@ UutA~' € My(k[[u]])
@ OA = 0 for some © € GLy(k[[u]]) N Ma(K[[u]])-
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® uPA~T e My(k[[u]])
@ OA = 0P for some © € GLy(k[[u]]) N Ma(K[[u]])-

So picking © € GLy(k[[u]]) N Ma(k[[u]]) and setting A = c,©~'©(P)
gives a Hopf order if and only if

@ qutA~! = ue(eP)~1e e My(k[[u]])
e 0710 ¢ My(K[[u]]).
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ue(©P) 16 € My(K([u]l), ©~ 0P € My(K([u]l)

i
WLOG, let © = [“ 0.].

0 u
Then
o ye—(p=1)i 0
Ue(@(p)) ©= |:ue—pi(9 _ ue—pi—(P—1)j9P ue—(p—1)j
(p=1)i 0
1 _ u
oo = [u/ﬂp _ yP-Ni=jp U(P—1)f] ’

SO we require

ij<e/(p—1)
u®9= u®P=1igP mod uP k[[u]]
0P= uP~g mod k|[u]].
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Flashback: Exeter 2015

i
Hopf orders in (KCE)* correspond to matrices [g %] , 0 € K[[T]]

such that _ -

TIgP — TWP=Dg € K[[T]],
i.e., ' .

0P = T(P=19 mod T/K[[T]].
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Comparison

Characteristic 0

0P = uP=1)9 mod k[[u]] 0P = T(P=1ig mod T/k[[T]]
0<ij<e/(p—1) 0<ij
w0 = v (P—1igP mod uP k[[u]]

So characteristic p behaves like characteristic zero
with e sufficiently large.
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More generally

Characteristic 0

killed by [p]

A, B € Mp(K[[u]]) A, B € My(k[[u]])
© € GLn(k((u))) N Ma(K[[u]]) | © € GLa(k((u))) N Ma(K[[u]])
©A = BoP) ©A = Bo
A1, ueB~" € My(K[[ul])

Characteristic p behaves like characteristic 0
with e sufficiently large, provided A, B invertible.

A singular = the Hopf algebra has nilpotent elements.
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@ Where to go from here
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Ideas:

@ Establish direct connection between “characteristic 0 killed by [p]”
and “characteristic p with primitively generated dual”.

@ Establish connections when the Hopf algebras are not killed by [p].
@ Determine connections with/applications to other works
@ Decide whether this is worth pursuing.

We discuss each in greater detail.
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“char. 0 killed by [p]” & “char. p with prim. gen. dual”

If His a k[[T]]-Hopf algebra with primitively generated dual and
Breuil-Kisin module 90, then ¢ : 9t — S ®, M is trivial.

Thus, a Breuil-Kisin module is determined by (931, ) where
Y6 R, M — Mis any S-linear map.

We can (presumably) describe v in terms of matrices and conjecture:

Characteristic 0

killed by [p]

A, B € Mu(K[[u]]) A, B € My(K[[u]])
© € GLn(k((u))) N Ma(k[[u]]) | © € GLa(k((u))) N Ma(K[[u]])
©A = BoP) ©A = Bo
ueA~!, ueB~" € My(K[[ul])
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Connections when the Hopf algebras survive [p]

This seems much harder. Suppose H = KCp2. Then

Theorem (K., 2012)

Let0<jo < ji < e/(p—1)andpick f € k ((u)) such that
uPh(P=Di2 fp _ it f < K[[u]]
uj1_pj2(CoE(u) —u®)/p+ (fp _ U—fz(P—1)f> ueth e k[[u]]
Let M = &re4 + Gy, with pes = Ui 2ey. Let

o (1) = u®~ (P~ g,

o (€2) = (fp — u_(p‘”f?f) uethey + u-(P-DkEe,

Then (9M, pan) of this form correspond to the orders in KCpe.
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M = Greq1 + Goeo, pes = uf1—f2e1.

oo (€1) = ue~(P~Nire,

om (€2) = (P — u—(P—1)i2 f) uttie; + u—(P-MkEe,

The sum is not direct, the linear algebra approach seems to fail.
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Connections/applications

For example:

Theorem (Childs-Sauerberg, 1998)

Suppose F = ©~'G O is defined over R. Suppose that
fo = (0-10P)~1p]=(X) is defined over R and

©10P)~"[p]£(X) = ¥ mod =R.

Then He = R[X]/(fo) is a Hopf order in KCJ.

What’s the connection?

© is used above to construct formal groups (generically isomorphic to
G7,) and isogenies.

© in our work is used to construct Hopf algebras, which arise as
cokernels of isogenies.

Alan Koch (Agnes Scott College) 44/ 49



Another example

Let K be a totally ramified extension of W(k), and let L/K be Galois,
Gal(L/K) = Cpr.

Theorem (Kohl, 1998)
There are p"~' Hopf Galois structures on L/K.

Since the Hopf algebras are all contained in LCy» they are necessarily
abelian of rank p".

The work here could possibly describe their Hopf orders.
This is one of many such results from Byott, Childs, Kohl, etc.

We only require L/K abelian of p-power rank.
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Decide whether this is worth pursuing

Is it?
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Decide whether this is worth pursuing

Upsides to using Breuil-Kisin modules:
@ Easy to understand the theory (at least in characteristic zero)
@ Can offer linear algebra solutions to Hopf algebra problems
@ Offers insight when transitioning from KG to more general H

@ There appears to be some compatibility between Hopf orders in
characteristics 0 and p when the Hopf algebras are defined both
places

@ Offers support to well-known conjectures (e.g. Hopf orders use
n(n+ 1)/2 parameters).
Downsides to using Breuil-Kisin modules:
@ Working out exact correspondences continues to be very difficult
@ Theory only works for H commutative (and cocommutative)
@ Without an “initial” or “terminal” Hopf order, some orders may be
hard to find (ex: H = KCp @ KCp).

Alan Koch (Agnes Scott College) 47/ 49



Decide whether this is worth pursuing

Upsides to using Breuil-Kisin modules:
@ Easy to understand the theory (at least in characteristic zero)
@ Can offer linear algebra solutions to Hopf algebra problems
@ Offers insight when transitioning from KG to more general H
@ There appears to be some compatibility between Hopf orders in
characteristics 0 and p when the Hopf algebras are defined both
places
@ Offers support to well-known conjectures (e.g. Hopf orders use
n(n+ 1)/2 parameters).
Downsides to using Breuil-Kisin modules:
@ Working out exact correspondences continues to be very difficult
@ Theory only works for H commutative (and cocommutative)
@ Without an “initial” or “terminal” Hopf order, some orders may be
hard to find (ex: H = KCp @ KCp)
@ You have to sit there for an hour each year and listen to me talk

about them.
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| wanted 50 slides.
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Thank you.
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